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1. Introduction and preliminary results

We consider the following scalar convex optimization problem.

Minimize f(x)
subject to x €D,

(SP)

where f:R" — R is a convex function and D is a convex subset of R". The
subdifferential of f at x € R” is defined as follows: df (x) ={& e R"|f(y) >
f)+ (&, y—x) VyeR.

We can consider two variational inequalities for (SP)

(VD) Find x € D such that 3¢ € af(x) such that (£,x — x) >
0 VxebD.

(MVI) Find x e D such that Vxe D, VE€df(x) (§,x—x)>0.

We denote the solution sets of (SP), (VI) and (MVI) by sol(SP), sol(VI])
and sol(MVI), respectively.
Then it is well known that

s0l(SP)=s0l(VI) =s0ol(MVI).

*This work was supported by the Brain Korea 21 Project in 2003. The authors wish to express
their appreciation to the anonymous referee for giving valuable comments.
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This means that variational inequality can be a strong tool for studying the
solution set of (SP).
Now we consider the following vector optimization problem

Minimize — f(x): =(fi(x), ..., f»(x))

(VP) subject to x €D,

where fi:R"—R, i=1,..., p, are functions and D is a subset of R".
Solving (VP) means to find the (properly, weakly) efficient solutions

which are defined as follows.

DEFINITION 1.1. (1) x € D is said to be an efficient solution of (VP) if
for any x € D,

(fi) = fi@), .oy fr(x) = f(2)) € —REN{0},

where R/ is the nonnegative orthant of R”.

(2) x e D is called a properly efficient solution of (VP) if X € D is an effi-
cient solution of (VP) and there exists a constant M > 0 such that for each
i=1,..., p, we have

fi(x) — fi(x_) <M
fi) — fi(x)

for some j such that f;(x)> f;(x) whenever x e D and f;(x) < fi(x).
(3) x e D is said to be a weakly efficient solution of (VP) if for any x € D,

(fiG) = fi@), ..o, fp(x) = f(0)) € —int R,

where int RY is the interior of Rf.

We denote the set of all the efficient solution of (VP), the set of all the
weakly efficient solution of (VP), the set of all the properly efficient solu-
tion of (VP) by Eff(VP), WEff(VP) and PrEff(VP), respectively.

It is clear that PrEff(VP) C Eff(VP) ¢ WEff(VP). For basic mean-
ings and properties of such solution sets, see [1].

Throughout this paper, we will assume that the objective functions f;,i =
1,..., p,are convex and the constraint set D is a closed convex subset of R”.

Recently, Giannessi [2] considered the following vector variational
inequalities for a differentiable convex vector optimization (VP) (when f;,
i=1,..., p, are differentiable)

(VVDy Find x € D such that
(VAE), x=%), ... (Vfp(X), x—%))  =RE\{0}, VxeD,
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where V f;(x) is the gradient of f; at x and (-, -) is the
scalar product on R”.

(MVVI)y Find x € D such that
(V) x —X), ..., (Vfprx),x —X)) ¢ —RE\{0}, Vx € D.

(WVVI)y Find x € D such that
(VAGE), x =), ... (Vf,(@),x —F)) ¢—int RY, VxeD.
where int RY is the interior of RY.

He proved that if f;, i=1,..., p, are differentiable, then

s0l(VVI)y C sol(MVVI)y = Eff(VP) C WEff(VP) = sol(WVVI),.

Being inspired by the above-mentioned Giannessi’s result, many authors
([3-7]) have studied relations between vector variational inequalities and
vector optimization problems.

In this paper, we consider scalar or vector variational inequalities for
the nondifferentiable convex vector optimization problem (VP), which are
formulated as below, and investigate relations among solution sets of such
variational inequality problem and (VP). Our vector variational inequal-
ities with subdifferentials can be regarded as special cases of usual ones
with multifunctions. So, our results can be helpful for studying solution sets
of nondifferentiable convex vector optimization problems and usual vector
variational inequalities with multifunctions.

(VD);, Find x € D such that 3§; €df;(x), i=1,..., p, such that
<Zle A&, x —X) >0 VxeD,
where A= (A, ..., A,) e RE\{0}.

(MVI), Find X € D such that Vx e D, 3§ €dfi(x), i=1,...,p,
(30 hiix —x)>0.

(VVI), Find ¥ € D such that Vxe D, V& edfi(x), i=1,...,p,
(1, x —X), ..., (&p, x — X)) & —RE\{0}.

(VVI), Find x € D such that 3§ € dfi(x), i=1,...,p, such
that ((§1,x—X),..., (§,,x — X)) ¢ —RI\{0}, VxeD.

(VVI)3 Find x € D such that Vxe D, 3§ €0df;(x), i=1,...,p,
such that ((§,x —x),..., (§,,x —X)) ¢—]Ri\{0}.
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(MVVI) Find x € D such that Vxe D, V& edfi(x), i=1,...,p,
such that ((§1,x —X),..., (§,,x —X)) ¢ =R \{0}.

(WVVI), Find x € D such that Vx e D, V& edf;(x), i=1,...,p,
(&1, x—X),..., (£p,x — X)) &—int RY.

(WVVI), Find x € D such that 3§ €df;(x), i=1,...,p, such
that ((§1,x —x),..., (§p,x —X)) & —int R VxeD.

(WVVI); Find x € D such that Vx e D, 3§ €df;(x), i=1,...,p,
such that ((§1,x —X),..., (§,,x — X)) & —int RY.

(WMVVI) Find x € D such that Vxe D, V& edfi(x), i=1,...,p,
such that ((§,x—X),..., (Sp,x—i))gz—intRﬁ.

We denote the solution sets of the above inequality problems by sol(VI),,
sol(MV]),, sol(VVI), ..., sol(WMVVI), respectively.
Now we give preliminary results which are needed in next sections.

LEMMA 1.1. [8] x € PrEff(VP) if and only if X; >0,i =1,..., p such
that x is a solution of the following scalar optimization problem

Minimize Y7, A; fi(x)
subject to xeD.

LEMMA 1.2. [9]Ifthe objective functions f;,i =1, ..., p, arelinear and the con-
straint set D is a polyhedral convex subset of R", then PrEff(VP)=Eff(V P).

LEMMA 1.3. [10] x € WEff(VP) if and only if 3A; >0, i =1,...,p,
(A1, ..., Ap) #0 such that X is a solution of the following scalar optimization
problem

Minimize Y/ A; f;(x)
subject to x € D.

LEMMA 1.4. Let A be a convex subset of R" and let B be a compact convex
subset of R". Assume that 0 € A. Then the following statements are equivalent

(?) 3b € B such that (b,a)>0 VaecA.
(if) Yae A, 3be B such that (b,a)>0.
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Proof. Let f(x) =rilan(b,x). Then f:R" — R is a convex function and
€
df (0) = B. Moreover, we have

(1) <= max{b,a)>0 VaecA,
beB

< f@)>=f(0) VaeA,

<= 0€9f(0)+N,(0),where N,(0) is the normal cone to A to 0,
<= 3dbe B such that (b,a)>0 VacA,

— (i). O

The following lemma is a generalized Gordan theorem for convex functions.

LEMMA 1.5. [11] Let fi:R"—>R, i=1,..., p be convex functions and let
D be a convex subset of R”".
Then the following statements are equivalent

(i) there is no x € D such that f;(x) <0 for all i=1,...,p.
(@) 20, i=1,...,p, (A1, ..., Ap)#0 such that Y7 1; fi(x)>0 VxeD.

2. Relations

Now we give relations among solution sets of the convex vector optimiza-
tion problem (VP) and the vector variational inequality problems.

THEOREM 2.1. The following are true

(1) sol(VVI); Csol(VVI),.
2) PrEff(VP)= UAeintJRﬁ’r sol(VI), Csol(VVI), Csol(VVI);
Csol(MVVI)=Eff(VP).

Proof. 1t is clear that sol(VVI); Csol(VVI),.

Now we prove that PrEff(VP)=U;cinmr sol(VI),. By Lemma 1.1, x €
PrEff(VP) if and only if 3A; >0, i=1,..., p, such that x € D is a solu-
tion of the following scalar optimization problem (SP)

Minimize Y/, A; fi(x)
subject to xeD.

(SP)

Furthermore, it is well known that the fact that x € D is a solution of (SP)
is equivalent to x € sol(VI),. We can easily check that

L sol(VD), Cs0l(VVI), Cs0l(VVD);.

reintRY
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From the monotonicity of the subdifferential of f;, we can prove that
sol(VVI); Csol(MVVI).

It was proved in Ref. [3] that Eff(VP)=s0l(MVVI). For the complete-
ness, we prove that Eff(VP)=s0l(MVVI). It can be easily proved that
Eff(VP)Csol(MVVI). Now we prove that solMVVI)C Eff(VP).

Let x € sol(MVVI). Suppose to the contrary that x € Eff(VP). Then
there exists ze D such that

(f1(@) = fi®), ..., (@) = f(¥) € =RE\{0}. 2.1

Since D is convex, we have z(«): =ax+ (1 —a)z € D for any « €[0, 1]. Since
fi 1s convex, fi(z(a)) <afi(x)+ (1 —a)fi(z) for any « €[0,1] and hence
fiz(@))— fi(x) < (¢ —D[fi(x) — fi(z)] for any a €[0, 1]. So we have

Jiz(@) — fi(z(1))

1 > fi(x)— fi(z) for any a€(0,1).

By Lebourg’s Mean Value Theorem in Ref. [12], there exist o; € (0, 1) and
& e€dfi(z(a))), i=1,..., p, such that

(i, x —2) = fi(X) — fi(2). (2.2)
Suppose that «i,...,«, are equal. Then it follows from (2.1) and (2.2)
that x € D is not a solution of (MVVI), which contradicts the fact that x €

sol(MVVI).
Suppose that «i, ..., «, are not equal. Let a; #ay. From (2.2), we have

(1, —2) 2 fi(x) — filz)and (&, x —2z) > f2(x) — f2(2). (2.3)
Since f and f> are convex, we have

(61 -8, z(1) —z(2)) 20 for any &5 €dfi(z(2)) (2.4)
and

(& =&, z(a1) —2(2)) >0 for any & € dfa(z(a1)). (25)
If &) <o, from (2.4), (& —£&},%—2z) <0 and hence from (2.3), we have

(65, x—z) = fi(x) — fi(z) for any & €dfi(z(2)).
If @ <o, from (2.5), (&f —&.%—2z) >0 and hence from (2.3), we have

(67, x—2) = (X)) — fo(z) for any & €df>(z(a1)).
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Therefore, if ) # ay, letting &* =max{a, @y}, we can find & € 0fi(z(a")),
i=1,2, such that (§,x —z) > fi(X) — fi(2).

By continuing this process, we can find & € (0,1) and & € 3f;(z(&)),
i=1,..., p, such that

(& x—2) = fi(X) — fi(2). (2.6)
From (2.1) and (2.6), & € 8fi(z(@)), i=1,..., p, and

(61, X —2),.... (Ep. X —2)) e RT\{O}. (2.7)
Multiplying both sides of (2.7) by & — 1, we obtain

({61, 2(@) = %), ..., (€, 2(&) — X)) € =R\ (O},
which contradicts the fact that X € sol(MVVI). O

Now we give examples for the relations in Theorem 2.1.

EXAMPLE 2.1. [13] It may not be true that
sol(VVI), C PrEff(VP).

Let f(x,y) = (fitx,y), fa(x,y) = ((1/2ux* + (1/2)y%, (1/2)x* + (1/2)y?)
and D: ={(x,y)eR? | (x —2)>+ (y —2)? <1}, where u= (247 —21)/35.

Then (%, 3): = (5/4,2 — (V/7/4)) € sol(VVI), = {(x,y) e R? | (5/4) <x <
2-(2/2), (x =27+ (=27 =1}, but (%, 3) €U, cingrr $0l(VD), ={(x, y) €
R2 [(5/4) <x <2—(V2/2), (x =22+ (y —2)2=1}. See Ref. [13] for
the calculations of sol(VVI), and [,y rr s0l(VI),. From Theorem 2.1,
UAEint]Ri sol(VI), = PrEff(VP). Hence (x,y) & PrEff(VP).

EXAMPLE 2.2. It may not be true that

sol(VVI); Csol(VVI),.

Let fi(x,y) = V/x2+y2 +y, fox,y) =y and D: = {(x,y) € R? | x <
0, —/=x <y <0} If (x,y)=(0,0), 3fi(x, y) ={(v1,v2) €eR? | v} +v3 <1} +
{(0, D} ={(v1, 1) €R? | v} + (v, — 1*<1}, and if (x, y)#(0,0), 3fi1(x, y) =
(/X242 (/y/x2+y) + D}

We can check that V(vy, vy) € 3f1(0,0), A(x, y) € D such that

(Vix +v2y, y) € —RI\{0},
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and that V(x, y) € D, 3(vy, v) € 3f1(0, 0) such that

(v1x +v2y, y) € —R2\{0}.

Hence (0, 0) € s0l(VVI);, but (0,0) €sol(VVI),.
Moreover, sol(VV]), ={(x, —v/—x) | x <0} and sol(VVI); ={(x, —/—x ) |
x <0},

EXAMPLE 2.3. [2] It may not be true that
s0l(MVVI) C sol(VVI);.

Let fi(x)=x, fr(x)=x? and D= (—00,0].

Since (x,0) € —R2 \{0} Vxe(—00,0), 0¢s0l(VV]);. But, since (x,2x?) ¢
—Ri\{O} Vx €(—o00,0], 0€sol(MVVI). Moreover, we can easily check that
s0l(VVI); =(—00,0) and sol(MVVI) = (—o0, 0].

EXAMPLE 24. Let fi(x)=x, f>(x)=|x| and D= (—o00,0].

It is clear that 0 Eff(VP). Since (f1(x) — f1(0))/(f2(0) — f(x))=1 Vx e
(—00,0), 0 PrEff(VP). Since there exist x € D and & €[—1, 1] such that
(x,&x)e —Ri\{O}, 0¢&s0l(VVI),. Moreover, the above Example 2.1 tells us
that the inclusion: sol(VVI), C PrEff(VP) may not hold. Hence we can
not give any inclusion relation between sol(VVI), and PrEff(VP).

THEOREM 2.2. The following relations hold

sol(WVVINCWEff(VP)= | sol(VIi= | solMVI),
reRI\{0} reRP\{0}
=s50l(WVVI),=s0l(WVVI);=s0l(WMVVI).

Proof. 1t can be easily checked that sol(WVVI), Cc WEff(VP). Now we
prove that WEff(VP)= UxeRi\{O} sol(V1),. By Lemma 1.3, xe WEff(VP)
if and only if 3A; >0, i=1,..., p, (A1,...,4,)#0, such that x is a solution
of the following scalar optimization problem (SP):

Minimize Y7, A; fi(x)
(SP) subject to x € D.
Thus, we can easily check that WEff(VP)=J;crr\ 0y 50U(VD; = U, err\ o)
sol(MV]),.

Now we prove that WEff(VP)=s5s0l(WMVVI).

Let x €sol(WMVVI).
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Then 3x*e D and & €df;(x*), i=1,..., p, such that
(&, x*—X), ..., ( ;,x* — X)) € —int ]Ri.

Thus x ¢ UAeRi\{O} sol(MVI), and hence x ¢ WEff(VP). Using the method
similar to the proof in Theorem 2.1, we can prove that

sol(WMVVI)C WEff(VP).

Now we prove that U;\EM\{O} sol(VI), =s0l(WVVI), =s0l(WVVI);.
x €sol(WVVI),
<= xeD and 3§ €df;(x), i=1,..., p, such that

{({(g1,x=X), ..., (&), x —x))| xe D}N(—int RY)=0

<= (by separation theorem in Ref. [14], Theorem 3.16] x € D and 3§;
ofi(x), A;=0,i=1,...,p, (A1,...,4,)#0 and r R such that

p p
Zkiz,- <r<ZA,~(§,~,x—2) VxeD, VY(z,...,z,)€—intR]
i=1 i=1

&= xeD and 3 edfj(x), 1,20, i=1,...,p, (A1,...,1,)#0 such that

14
<Zx,-g,-,x—;z>>o VxeD

i=1
= X €U, crr\ o) 50UV,

x €sol(WVVI),
<= x e D and the system

<maxeleafloz) (1, x —x) < 0>

maxspeafp(;) <‘§p, X —)E) <0

has no solution x € D
<= (by Lemma 1.5) xe D and 31, >0, i=1,...,p, (A1,...,A,) #0
such that

p

A; max (&,x—x)=>0 VxeD
) §i€dfi(x)
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&= xeDand 3A; >0,i=1,...,p, (A&1,...,4,)#0 such that

max (b,x —x)>0 VxeD,
beB

where BZ{Zip:l)u,Ei | S,eaf,(i), l:1,,p}
<= (by Lemma 1.4) xeD and 34, >0, i=1,...,p, (A1,...,A,)#0 and
b € B such that

(b,x—x)=20 VxeD

&< xeD and I 20, i=1,....p, (A1,...,%,) #0, & €df;(x), i =
1,..., p such that

p
<Zx,~§,~,x—x>>o VxeD

i=1
i€ UAEM\{O} sol(V]),.
Hence J AERP\(0) sol(VI), =5s0l(WVVI), =s0l(WVVI);. O
Now we give an example for (WVVI);.

X2, x<0
x, x>0
Then sol(WVVI), =(—o00,0), but WEff(VP)=(—o0, 0]. Thus the inclusion
WEff(VP)Csol(WVVI), may not hold.

EXAMPLE 2.5. Let fi(x)=x, fz(x)z{ and D = (—00, 0].

3. Special cases

Now we consider the special cases for sol(VVI), and sol(VVI);, and
sol(VP). For one of the cases, we need the definition for the polyhedral
convex function [15]. The convex function g: R" — R is said to be poly-
hderal if the epigraph of g is a polyhedral convex subset of R"*!,

PROPOSITION 3.1. If D is a polyhedral convex set in R", then
sol(VVI),=PrEff(VP).

Proof. FromTheorem2.1, PrEff(VP)Csol(VVI),.Letx €sol(VVI),. Then
xe D and 3§ €df;(x), i=1,..., p,such that x is an efficient solution of

Minimize  ((§1,x), ..., (§,, X))

/
(VP subject to x € D.
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By Lemma 1.2, x € D is a properly efficient solution of (VP), and hence
by Lemma 1.1, 3A; >0, i =1,..., p, such that x € D is a solution of the
following scalar optimization problem:

Minimize Y/, A; (&, x)
subject to x € D.

Thus X €D and ()7 A&, x—x)>0 VxeD. So, x €sol(VI),. Hence it
follows from Theorem 2.1 that x € PrEff(VP). O

PROPOSITION 3.2. If D={xeR" | {a;,x)<b;, i=1,...,m}, where a; e R"
and b; €R, and f;, i=1,..., p, are polyhedral and convex, then

sol(VVI)y=PrEff(VP).
Proof. x €sol(VVI); <= x e D is an efficient solution of the following

convex vector optimization problem

Minimize (maX&eafl *x) (51, X — )E), ey manpeafp(,;) (Sp, X — )E))
subject to xeD.

<= x €D and 0 is an efficient solution of the following convex vector
optimization problem

Minimize  (Maxg cof ) (61, X), - .., MAXe, cor, (5 (Eps X))
subject to xe D —x.

= (letting I1(X)={i | (a;, x)=b;})

x e D and 0 is an efficient solution of the following convex vector opti-
mization problem

Minimize (max&eafl x) <$1’ x), ey maxspeafp(;c) <§p, x))
subject to  {a;, x) <0, iel(x).

<= x € D and 0 is a solution of the following scalar optimization problem

Minimize Y 7, maxgesy,x) (&, x)
subject to (a;, x) <0, iel(x),
maxaea‘fi@(‘;‘i, x) < 0, = 1, o, P

Since f;, i =1,..., p, are polyhedral and convex, df;(x) are polyhe-
dral, covex and compact (Theorem 23.10 in Ref. [15]) and hence df;(x) =
co{bii, ..., bini}, where {bj1,...,biyi} is the set of all the extreme points
of 3f;(x) and co{b;i, ..., biyu)} is the convex hull of {b;1, ..., bixu}-
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Notice that Il’lanegﬁ(,;)(Si, 0 <0« (bijs x) <0, j= 1,...,n@). Thus we
have,

x €sol(VVI),

<= x €D and 0 is a solution of the following scalar convex problem

Minimize Y 7 |, maxg ey (&, x)
subject to  {a;, x)<0,i el (x),
(bij, x)<0,i=1,...,p,j=1,...,n0)

&= xeDand 3; >0,i=1,...,p,j=1,...,n0), 1 =0, ke I(x) such
that

p
Oezafi(f)-i‘z)wjbij-i- Z Mk
i=1 i,j kel (x)
<= xeD and IA; >20,i=1,...,p, ux =0, ke I(x) such that
14
0€) (A+AALE + ) mia
i=1 kel (x)
= ieDand 31, >0,i=1,..., p, i >0,keI(x) such that
p -
0 Ldfi®)+ Y fua
i=1 kel (x)
<= (letting iz =0 VkgI(x))XxeD and Ix;>0,i=1,...,p, jix=>0,ke
I (%) such that
p B m
0> Xdfi(®)+ Y fuar and (g T —b)=0, k=1,---,m
i=1 k=1

<= ieD and I, >0,i= 1,..., p such that x is a solution of the fol-
lowing scalar optimization problem

Minimize Y7 X f;(x)
subject to  {(ax, x) <by, k=1,...,m

<= (by Lemma 1.1) xe PrEff(VP).
Hence sol(VVI); = PrEff(VP). O
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PROPOSITION 3.3. If sol(VI), is nonempty and singleton for any A €
RI\{0), then Eff(VP)=WEFf(VP)=U,crr o (VD).

Proof. We know that Eff(VP)Cc WEff(VP). Let x e WEff(VP). Then
by Theorem 2.2, there exists A € Rf\{0} such that x € sol(VI),. Thus, 3§ €
afi(x), i=1,..., p, such that

)4
<ing,-,x—x>>o VxeD.

i=1
Suppose that x* € D and (fi(x*),..., f,(x*) — (fi(X), ..., (X)) € —RE.

Then Y7 A fi(x*) < XF_ A; f;(%) for any x € D. Since f; is convex, we
have

p p
<Zx,~a~,x*—> D o hil (x)—zkf,(x)
i=1 i=1 i=1

<0.

Hence, for any x € D,

<ngl,x x >

Thus x* € sol(V]), . Since sol(VI), is singleton, x* =X and hence f;(x*) = f; (x),
i=1,..., p. Thusx € Eff(VP).Consequently, Eff(VP)=WEff(VP). By The-
orem 2.2, Eff(VP)=WEff(VP)= UxeRi\{O} sol(VI),. O

REMARK 3.1. If f;:R"—R, i=1,..., p, are continuously differentiable
and strongly convex (see Ref. [16] for the definition of the strong convex-
ity) and V f;(-), i=1,..., p, are Lipschitz on D, then sol(VI), is nonempty
and singleton for any A € RY\{0}.

The following example comes from Ref. [17].

EXAMPLE 3.1. The assumption of Proposition 3.3 is essential. Let fi(x, y)
= (1/2)x%, fo(x,y)=(1/2)y* and D ={(x,y) e R 0<x< 1,0<y< 1),
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Then sol(VI), is nonempty for any A € RY \ {0}. Moreover, sol(VD) ) =
{(0, y) eR? | 0< y< 1}, and hence sol(V1)1 ¢, 1s not a singleton. However,
Eff(VP)={(0,0)} and WEFf(VP)=U, g0 50l(V);, ={(x,0) €R? | 0<
x<1JU{0,y) eR* | 0<y <)

DEFINITION 3.1. A subset M CRR” is said to be a strictly convex body if
int M#@, and for any x,x' e M, x#x/,

Ax+ (1 =Mx'|re(0, 1)} C int M.

Following the approach of the proof in Theorem 2 in Ref. [18], we can
obtain the following proposition
PROPOSITION 3.4. Suppose that

(i) xesol(WVVI),,

(i)  there exist & €df;(x), i=1,..., p, such that the linear operator v+
((&1,v), ..., (§p, V) is surjective, and

(iii)  the constraint set D is a strictly convex body in R".

Then x €sol(VVI); and hence x e Eff (VP).

Proof. Let & €dfi(x),i=1,..., p be such that & is in assumption (ii) and
1€(0,1) and A(w)=((&1,v), ..., (§p,v)) for any veR". Then A:R"—RP? is
a continuous and surjective linear operator.

Suppose to the contrary that x ¢ sol(VVI);. Then we can choose z € D
such that

Az —X) € —RP\{0}. (3.1)

Moreover z;: = Az+ (1 —A)x €int D since D is a strictly convex body. Thus
there exists € >0 such that

B(z,,e)CD,

where B(zy,€) is the closed ball centered at z, with radius €. Let y, =
A(zy —x). Then y, =AA(z—x), and hence it follows from (3.1) that

yi € ~R\(0). (3.2)

By open mapping theorem, A(B(z;,€)—x) is a neighborhood of y,. Thus
there exists p >0 such that

B(yx, p) CA(B(z3, €) — X). (3.3)
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From (3.2), yi € B(y:, p) N(—R%). So, by Corollary 6.3.2 in Ref. [15],
B(y:, p) N (—int RY) #0@.

Let y*€ B(y, p) N (—int RY). Then from (3.3), there exists x* € D such that
A(x*—Xx) e —int RY. This means that x ¢ sol(WVVI),. This contradicts the
assumption (i). Consequently, x € sol(VVI);. It follows from Theorem 2.1
that x € Eff(VP). O

EXAMPLE 3.2. Let fi(x,y) = x, falx,y) = /x2+(y—1? —y and
D={x,y)eR?> | (x = 1>+ (y — D> <1}. Then 3£;(0,1) = {(1,0)} and
3f>(0, 1) ={(x,y) €eR? | x2+ (y + 1)> < 1}. We can easily check that (0, 1) e
sol(WVVI),, and that assumptions (ii) and (iii) are satisfied. Hence it follows
from Proposition 3.4 that (0, 1) e sol(VVI); and (0, 1) € Eff(VP).

PROPOSITION 3.5. If there exists i €{l,..., p} such that the function f;
is strictly convex and x €sol(VI),, where A=(0,...,0,1,0,...,0) eRi and
1 is the ith component of A, then x € Eff(VP).

Proof. Since x € sol(VI),, there exists & €df;(x) such that
(&, x—x)>20 VxeD
and hence by the strict convexity of f;,
filx)> fi(x) VxeD.
Hence x e Eff(VP). O

REMARK 3.2. Let us consider Example 2.2 again. Since (0, 0) € 3f1(0, 0),
it is obvious that (0, 0) € sol(VI) (. Since fi is strictly convex, it follows
from Proposition 3.5 that (0,0) € Eff(VP).
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